Abstract. In this work, a low-frequency dynamic hysteresis model is proposed and applied to nonoriented Fe-Si steel. The model based on Preisach theory can be used when skin effect is negligible over the lamination thickness. In our model, the Preisach engine that usually takes the magnetic field as input variable must be inverted. Some B(H) symmetric loops are calculated and compared with measurements in the rolling direction both in quasistatic and dynamic operations under sinusoidal induction.
Introduction
The present paper describes a dynamic (scalar) hysteresis model dedicated to nonoriented (NO) Fe-Si steel sheets when skin effect is negligible at the working frequency. This work has been presented in the colloque EF'01 [1] . It can be viewed as a synthesis of different bearings on the subject, more particularly discussed in [2] [3] [4] [5] [6] [7] [8] [9] , to construct our model. From a practical point of view, it is also intended to provide the necessary elements for a proper use of the hysteresis Preisach Model (PM) [2] , which is in the heart of the proposed low-frequency model. In particular, a special care has been put into the description of the identification procedure.
Consider a single lamination of thickness d as shown in Figure 1 . The size ratios of length (=l/d) and width (=w/d) are assumed very large, so that end effects may be neglected. Moreover, in this paper, all the magnetising directions of the Fe-Si steel in the yz-plane are supposed equivalent to the rolling direction (RD). With the timedependent flux flowing along the z-direction, the symmetry of the problem is such that all the quantities depend only on the coordinate x. Therefore, the magnetic field and the induction in the lamination take the form H = H(x, t)u z and B = B(x, t)u z . We note H s and B a the quantities that are observable from the outside of the lamination, viz. the magnetic field at the surface of the lamination and the average induction, respectively. According to Maxwell's equations, the problem is described by the diffusion equation:
a e-mail: olivier.deblecker@fpms.ac.be with t > 0 and the boundary condition H = H s for x = ±d/2 (σ e denotes the electrical conductivity). Now suppose the low-frequency limit [8, pp. 399-402] where the induction field distribution is approximately uniform over the (thin) lamination thickness, i.e. B(x, t) ∼ = B a (t), ∀x. As dB/dt is independent of x, the solution of (1) yields:
which is valid in the interval −d/2 ≤ x ≤ d/2. The magnetic field strength is maximum at the surface of the lamination and minimum in the middle. Then, by taking the x average of (2), one easily obtains the dynamic equation of the low-frequency model:
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and H a the average magnetic field calculated over the lamination thickness at time t (k is assumed a known coefficient).
The average quantities H a and B a are related through the magnetic constitutive law of the material in quasistatic operation, i.e. when all the fields are homogeneous over the lamination thickness. Here, the well-known PM is adopted to represent this law as the requirements of accuracy and efficiency are usually both satisfied. It is worth noting though that there exists many other hysteresis models in the literature, such as e.g. Jiles model [10] or more recently play and stop hysteron models [11] , that could eventually be chosen instead. For a given time sequence of the magnetic field, the PM supplies the corresponding time evolution of the induction. Yet, the magnetic constitutive law in (3) takes the induction B a (t) as input variable, therefore, it is required to use the PM in the reverse fashion. The rate of variation of the induction, thus the frequency, is taken into account through the derivative of B a in the left-hand side of (3).
In the further exposition, we suggest the following developments. At first, the PM is characterised for NO Fe-Si sheet in quasistatic operation. The model is taken in the usual way, i.e. with the magnetic field as input variable. As will be shown, the accuracy of our hysteresis model can be improved by the addition of a mean field term [5] . Secondly, we propose a method for the inversion of the PM (with possible mean field term) to supply the magnetic constitutive law H a [B a (t)]. The Newton algorithm will be convenient to accomplish this task. Then, the B a (H s ) apparent loops can be modeled by combining the relationship (3) with the reversed PM, provided that the working frequency is not too high. Finally, we proceed to the experimental validation of the low-frequency hysteresis model for the Fe-Si sheet under consideration. Sinusoidal inductions at different frequencies are considered as a forcing term.
Preisach model characterisation

Basic equations
According to [3] , a Lorentzian distribution function for both "up" and "down" switching fields is chosen as PM distribution function for NO Fe-Si steel [8, 
where σ and H 0 are two fitting parameters and K designates a normalisation coefficient. The induction is calculated numerically by means of the Everett functions [2, 12] .
In order to palliate the lack of apparent reversibility (reversible-like effects) of the PM [13] [when (5) is used as PM distribution function], a reversible component of induction is added to the output variable of the model which then supplies the irreversible component [4] . This is expressed as:
where H and H past are the actual value and history (past values) of the magnetic field, respectively. The following analytical function with three fitting parameters is assumed for the reversible induction [14, pp. 150-151]:
The differential form of (6) may be written:
where H e represents the last extremum value of H. The reversible component of µ ∂ is simply established by derivating (7), while the irreversible component can be calculated analytically by integrating the PM distribution function over the range of either switching field, which gives:
Parametric identification
The previous equations total up six fitting parameters. These are: -the normalisation coefficient K of the PM distribution function; -the "average" switching field H 0 . This parameter mainly has an effect on the coercive field; it satisfies 0 < H 0 < H * c where H * c is the coercive field of the major hysteresis loop (the asterisk symbol denotes measured quantities); -the deviation σ. This parameter determines the average sloop of the major loop; -the stiffness w of the knee of the reversible induction law B rev (H); -the permeability µ ∞ corresponding to the sloop of B rev (H) when H becomes large; -the coefficient A w reflecting the height of the knee of B rev (H).
In addition of obvious conditions µ ∞ > µ 0 and A w > 0, we enforce the following constraint on the last three fitting parameters:
where H * s and B * s denote the coordinates of the major loop tip in the BH plane and B * r is the remanent induction. The previous inequality expresses the difference between B * s , the induction measured at the loop tip, and the remanence B * r as a higher bound for B rev (H * s ). Both sides of (10) are equal if the PM does not have any apparent reversibility.
The parametric identification of the PM requires a set of experimental data, which is representative of the hysteretic behaviour of NO Fe-Si steel. In this paper, we suggest to measure a set of B(H) symmetric loops along RD in quasistatic operation. The identification procedure consists in determining the set of parameters which minimises an error function f ε . This function is obtained by summing up the normalised absolute deviations between measured and calculated values of both peak value of B (denoted B m ) and hysteresis loss Q h (B m ) for every symmetric loop. Assuming a set of N symmetric loops (i = 1, ..., N ), the following expression holds [1] :
The normalisation is performed with respect to major loop quantities, which allows to assign more weight in the identification procedure to the symmetric loops that produce largest losses. Therefore, the minimisation algorithm will converge towards a set of parameters which yields the best agreement with regard to the loops having the largest induction peak values. Note that K is assumed a function of the other parameters. So, for a given set of parameters except K, the normalisation coefficient is chosen in order to satisfy the relationship:
which guarantees that the tips of both measured and calculated major loops are coinciding.
Mean field effects
The accuracy of the PM can be improved by the addition of a mean field term H v depending on the induction, which yields the so-called Magnetisation-Dependant Preisach Model (MDPM) [2, 5] . When the mean field is expressed as H v = αB (where α is a material-dependant moving constant), the MDPM is also called "moving model" [15] . Then, the congruency property of the PM is relaxed to the skew-congruency property, which is more realistic for Fe-Si steels. The skew-congruence property does not represent the main point here though. Indeed, the use of a mean field term is also an elegant means to "correct" the PM density [given by (5) ], which is unsuited to give a completely satisfying description of reality [6, p. 60] . The basic equations remain unchanged, provided that the operative field h = H + H v is substituted to the magnetic field H in (6) to (9) . Note that the output must be calculated iteratively due to the mean field dependence on induction. In this contribution, we propose the following technique to identify the mean field term H v (B). It consists first in calculating N symmetric loops (i = 1, ..., N ) by means of the PM and, then, in comparing these loops to measurements as shown in Figure 2 . Assuming e.g. dB/dt > 0, a delta-function is identified for every loop as follows: 
Application to material M330-35A
Now, we present the results obtained by using the PM to model NO Fe-Si steel M330-35A (σ e = 2.9 S m The plots hereafter also give the normalised absolute deviations on typical quantities q (loop tip, hysteresis loss, remanent induction and coercive field). This is written as in (11):
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Using an Epstein frame, a set of fifteen B(H) symmetric loops of NO Fe-Si steel have been measured along RD at a very low frequency (f = 1 Hz) in order to obtain quasistatic operating conditions. The peak induction was varied between 0.1 and 1.5 T by step of 0.1 T. The mean field term H v has been derived by using the technique described in the previous section. It is represented in Figure 3 for both positive and negative variations of B. The six parameters of the PM have been fitted by minimising the error function given by (11) . They are reported in Table 1 . A differential evolution algorithm [16] was used to perform this task. It is based on a stochastic approach which prevents to calculate the partial derivatives of the error function f ε with respect to the model parameters. Moreover, the convergence towards the global minimum is guaranteed with a high probability.
Figures 4 and 5 illustrate the satisfactory agreement between measured and fitted first magnetisation and hysteresis loss curves in RD, i.e. the data involved in the parametric identification procedure. Both PM (discontinuous lines) and MDPM (full lines) have been considered. In comparison with the basic PM, the MDPM is shown to effect some improvements, especially with regard to the hysteresis loss accuracy. Without mean field, the main discrepancies are with the knee of the first magnetisation curve and the hysteresis loss curve when the peak induction B m is greater than ∼1.2 T. The normalised absolute deviation for Q h (1.5 T) is approximately equal to 20%. The use of a mean field term reduces this error to ∼7%. In Figures 6 and 7 , the calculation results are compared with the measurements concerning the remanent induction B r and the coercive field H c . It is seen that the MDPM yields a better agreement with regard to B r , while the coercive field is nearly unchanged for every symmetric loops.
In the figures, looking at the normalised absolute deviations, one can notice that the MDPM is not always better than the PM. This is due to the technique used to calcu- late the mean field term, which is devised to "correct" the PM density only on an average fashion [see Eq. (14)]. This means that, at a given level of induction B, the "correction" is not necessarily profitable for every symmetric loop i (such that B ≤ B i m ). Indeed, consider e.g. B = 0. If the PM yields a good agreement with respect to the coercive field of some of the loops, it may not be so accurate for all ones. The use of the MDPM is thus required in order to obtain a better fit. Yet, this entails a loss of preciseness as regards the coercive field of a few loops, viz. those loops for which the PM gives accurate results without mean field.
Figures 8a and 8b show some measured and calculated quasistatic loops along RD using both PM and MDPM. In Figure 8a , a good fit is obtained but for the average slope and the area of the calculated major loop which are too low compared to the measurements. This confirms the large deviation on the loss Q h (1.5 T). A much better agreement is found in Figure 8b owing to the use of the mean field. 
Model inversion
where µ ∂ (.) and B(.) are given by the direct PM model. For sufficiently small variations of B, fast convergence is usually observed in practice. Relaxation of the Newton scheme may sometimes be necessary when µ ∂ displays a discontinuity at a reversal point in the considered interval ∆H = H + − H − . In this case, the optimum relaxation factor γ opt is calculated at each step k by minimizing the L2-norm of the residual R k+1 (γ).
If MDPM is used instead of PM, the inverse development above-described remains unchanged provided that the operative field h is substituted to the magnetic field H and µ ∂ is assumed dB/dh. Unlike the direct MDPM, the output magnetic field H of the reversed MDPM can be obtained directly provided that the Newton algorithm has converged. Indeed, in this case, the induction and, therefore, the mean field H v (B) are known beforehand. 
Experimental validation under low-frequency sinusoidal induction operation
Now, we use the dynamic model equation (3) in combinaison with the reversed MDPM in order to calculate the B a (H s ) apparent loops of the NO Fe-Si steel under consideration. The reversed MDPM is used to supply the magnetic constitutive law H a [B a (t)]. The forcing term is assumed a low-frequency sinusoidal induction B a (t) = B a,m sin(2πf t). Equation (3) gives the magnetic field H s (t) in the surface of the lamination. Several frequencies f and peak inductions B a,m have been considered. Figures 9a and 9b show the measured and calculated B a (H s ) loops in RD considering B a,m = 1.0 T and B a,m = 1.4 T, respectively. We plot the quasistatic loops likewise as an indication. A satisfactory agreement is found for both frequencies f = 50 and 100 Hz. On the other hand, the skin effect is no longer negligible at the working frequency f = 300 Hz, which yields calculated B a (H s ) loops having smaller areas than the corresponding experimental loops. This is the consequence of the simplification in the diffusion equation (1) that supposes a homogeneous distribution of macroscopic eddycurrents through the thickness of the lamination. Such an assumption is no longer valid above the low-frequency limit (<300 Hz), which results in the model to underestimate the dynamic losses [8, pp. 402-403] . In Figure 10 , the total loss (hysteresis + classical losses) [9] calculated by the low-frequency model is compared with experimental data. Note that the anomalous (excess) Joule losses are neglected. The greatest discrepancies are found for large peak values of B a at the frequency f = 300 Hz. The classical loss contribution per cycle (in J kg −1 ) due to macroscopic eddy-currents is calculated by using the following well-known formula [8, p. 400]:
where k is given by (4).
Conclusion
A low-frequency hysteresis model based on Preisach theory has been presented. It is dedicated to NO Fe-Si steel when skin effect is negligible. In that case, the induction field distribution is approximately uniform over the lamination thickness and the magnetic field strength is maximum at the surface of the lamination. The PM and MDPM have been characterised to supply the magnetic constitutive law in quasistatic operation. A method to identify the mean field term of the MDPM has been devised. The MDPM was shown to effect some improvement, especially with regard to the hysteresis loss accuracy. Then, we discussed the inversion of the PM (with possible mean field term) to combine the hysteresis model with the dynamic equation (3) . The Newton technique was found adequate to realise this task. The B a (H s ) loops have been calculated at different working frequencies assuming sinusoidal induction operation. A satisfactory agreement was found with experimental data. Some discrepancies were observed though at the frequency f = 300 Hz due to skin effect. In this case, the macroscopic eddy-currents are no longer homogeneous through the lamination thickness and cannot be accurately calculated by our model. Further researches should be devoted to the validation of the low-frequency model under nonsinusoidal and/or nonsymmetric induction operation.
